We study the stability of a spherically symmetric perturbation around the flat FriedmannLemaître-Robertson-Walker spacetime in the ghost-free bigravity theory, retaining nonlinearities of the helicity-0 mode of the massive graviton. It has been known that, when the graviton mass is smaller than the Hubble parameter, homogeneous and isotropic spacetimes suffer from the Higuchitype ghost or the gradient instability against the linear perturbation in the bigravity. Hence, the bigravity theory has no healthy massless limit for cosmological solutions at linear level. In this paper we show that the instabilities can be resolved by taking into account nonlinear effects of the scalar graviton mode for an appropriate parameter space of coupling constants. The growth history in the bigravity can be restored to the result in general relativity in the early stage of the Universe, in which the Stückelberg fields are nonlinear and there is neither ghost nor gradient instability. Therefore, the bigravity theory has the healthy massless limit, and cosmology based on it is viable even when the graviton mass is smaller than the Hubble parameter.
I. INTRODUCTION
General relativity (GR) is now widely accepted as the low-energy effective theory of gravity and has passed a number of observational and experimental tests [1] . It can also be viewed as the unique theory of a massless spin-2 particle, namely graviton. Although theories with a massive spin-2 field are one of the most natural extensions of GR, such theories have suffered from many problems. Fierz and Pauli proposed a massive spin-2 field theory, which is known as the unique theory of linearized massive gravity free from a ghosty sixth degree of freedom [2] . The Fierz-Pauli (FP) theory has appropriate five degrees of freedom, and there is no ghost mode on the Minkowski background. However, the FP theory has no Newtonian limit even in a massless limit. When we consider a naive massless limit in the FP theory, the gravitational behaviour is not restored to the one in Newtonian gravity due to the existence of the extra gravitational degree of freedom, which is called the vanDam-Veltman-Zakharov (vDVZ) discontinuity [3] . Vainshtein then proposed that the vDVZ discontinuity can be evaded by taking into account nonlinear mass terms, and the extra mode is screened inside the so-called Vainshtein radius, to recover the standard gravitational interaction mediated only by the helicity-2 modes [4] . Boulware and Deser pointed out, however, that such nonlinear terms ruin the structure of the FP theory and reintroduce the ghost instability associated with the sixth degree of freedom [5] . Although this nonlinear ghost, often called Boulware-Deser (BD) ghost, appears in any simple nonlinear extensions of the FP massive gravity theory, it was shown in 2010 by de Rham et al. that the special choice of the mass term can eliminate such a ghost state at the decoupling limit [6] , and later the proof was extended to fully nonlinear orders [7] [8] [9] [10] .
However, this theory, often dubbed de RhamGabadadze-Tolley (dRGT) theory, has still been problematic in the context of cosmology. It was revealed that the original dRGT theory does not admit any nontrivial flat or closed Friedmann-Lemaître-RobertsonWalker (FLRW) universe, if the fiducial metric for the Stückelberg fields is Minkowski's one [11] . While this issue can be resolved either by open FLRW solutions [12] or by replacing the Minkowski fiducial metric with an FLRW one [13] , it was later shown that all homogeneous and isotropic FLRW solutions in the dRGT theory are unstable due to either a linear ghost, called Higuchi ghost [14] , or a new type of nonlinear ghost [15] . The ghost of the former type was found present already in the FP theory when it is constructed on a de Sitter background. The scalar graviton mode in the five degrees of freedom in the FP theory becomes a ghost when the graviton mass is below the so-called Higuchi bound, which is defined by a cosmological constant, leading to the conclusion that the theory has no healthy massless limit with non-zero cosmological constant.
On the other hand, when we take a curved fiducial geometry, e.g. the FLRW or an inhomogeneous background, it may be natural to promote it to a dynamical one. In fact the dRGT massive gravity theory has been generalized to such a theory with two dynamical metrics, thereby called a bigravity theory, which is still free from the BD ghost [16] . It contains a massless spin-2 field and a massive spin-2 field, with total seven degrees of freedom in the gravity sector [17] .
Phenomenologically, the bigravity theory has many interesting features. One of the biggest mysterious problems in modern cosmology is the origin of the current accelerating expansion of the Universe [18] . Based on the bigravity theory, self-acceleration in all types of the FLRW universe is allowed [19] [20] [21] [22] [23] [24] [25] . Therefore, the present acceleration of the Universe can be explained by adding a mass to the graviton (see also [11-13, 15, 26-29] about the cosmology in the dRGT theory). Furthermore, since the bigravity theory contains two metrics, a matter field in the fiducial metric sector is naturally introduced, and it may act as a dark matter component in the physical sector [25, 30] .
However, although the background dynamics in the bigravity cosmology is viable, a problem still exists at the perturbation level [31] [32] [33] [34] . In the late stage of the Universe, the perturbations around the cosmological backgrounds are stable. However, the perturbations suffer from either the ghost or gradient instability in the subhorizon scale, when the Hubble expansion parameter is larger than the effective graviton mass.
Since the bigravity theory contains a massless spin-2 field, the bigravity theory always contains GR solutions exactly as a special case. If the two background metrics are proportional, which we call a homothetic solution [35] , the basic equations are reduced to two sets of the Einstein equations in GR with a cosmological constant originated from the mass term. That is, in homothetic spacetimes, the bigravity reproduces the background evolution of the universe identical to the one in GR. The linear perturbations around a homothetic solution are easily decomposed into two eigenstates: the massless and massive graviton modes. Here, the massive graviton mode is given by the FP theory on a GR solution. The perturbations in this mode suffer from the gradient instability in the decelerating Friedmann universe, while they have the Higuchi-type ghost in the accelerating one [36] . Therefore, the cosmological instabilities in the bigravity theory are similar to those in the FP theory on a cosmological background and are related to the fact that the linear massive spin-2 field has no healthy massless limit on the curved background.
However, such an instability is quite obscure in the physical interpretation, since the natural expectation would be that the massive theory should be restored to its corresponding massless theory when the energy scale of the background spacetime is higher than the mass. Hence, the instability should be resolved without either a modification of the theory or an extra ingredient, if the bigravity theory is a reliable theory in such an energy scale. The instability may simply hint the possibility that the linear perturbations are no longer valid. Therefore, before we conclude the bigravity theory breaks down in the early stage of the Universe, it is instructive to take into account the nonlinear interactions.
For this reason, we will consider cosmological perturbations with nonlinear effects in the bigravity theory. As we will see in Sec. III B, the instability arises from a scalar graviton mode. Therefore, we will focus only on this mode and also restrict our analysis to a spherically symmetric configuration, for simplicity, in which a gravitational degree of freedom is only given by the scalar graviton mode.
In order to find a stable model of the early Universe in the massive gravity theory (or the bigravity theory), there are several different approaches. One possibility to obtain the viable cosmology with a massive graviton is to extend the theory [37] [38] [39] [40] . This approach may be justified by the reasoning that the bigravity or the dRGT theory may necessarily be modified at a high energy scale to realize a massive graviton resulting from spontaneous symmetry breaking, and to protect the validity of the theory in the UV regime. Another possibility is to introduce a doubly coupled matter field. Although a matter field interacting with both metrics suffers from a reappearing BD ghost in generic situations, some ghost-free matter coupling was discussed at a low-energy scale or in a homogeneous Friedmann background universe [24, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] .
In the present paper, however, we will show that both the Higuchi-type ghost and the gradient instability can be resolved by the nonlinear effects of the scalar graviton mode in the ghost-free nonlinear bigravity theory without either a modification of the theory or an additional matter field. When the Hubble parameter is larger than the graviton mass, we find the new cosmological solutions in the sub-horizon scale for which the two spacetimes are still approximately homogeneous and isotropic, and these two foliations are related by a nonlinear coordinate transformation. That is, the Stückelberg fields become non-linear, while the spacetime perturbations are quite small.
The paper is organized as follows. Introducing the ghost-free nonlinear bigravity theory, we show the bigravity theory contains GR solutions as a special case in Sec. II. In Sec. III, we derive the quadratic action around the GR solution, which can be decomposed into massless and massive graviton modes. We discuss that the FP theory has an instability on the cosmological background. In Sec. IV, retaining nonlinearities of the Stückelberg fields, we study a spherically symmetric perturbation around the flat homothetic FLRW background without matter perturbations, and we discuss the stability in the early stage of the Universe. Both Higuchi ghost and gradient instability can be resolved by the nonlinear effects of the Stückelberg fields in the early stage of the Universe. In Sec. V, we introduce the matter perturbation and study stability of the matter perturbations both in the early stage and the late stage of the Universe. We discuss a possible transition from GR phase to the bigravity phase in the period when the graviton mass is comparable to the Hubble parameter in Sec. VI. We summarize our results and give some remarks in Sec. VII. In Appendix A, we present the Vainshtein screening in static spherically symmetric configurations with a cosmological constant as well as twin matters.
II. NONLINEAR BIGRAVITY THEORY
A. Hassan-Rosen bigravity model
In the present paper, we focus on the ghost-free bigravity theory proposed by Hassan and Rosen [16] , whose action is given by
where g µν and f µν are two dynamical metrics, and R(g) and R(f ) are their Ricci scalars, respectively. The parameters κ 2 g = 8πG and κ 2 f = 8πG are the corresponding gravitational constants, while κ is defined by
f . We assume that the matter action S [m] is divided into two parts:
i.e., matter fields ψ g and ψ f are coupled only to the gmetric and to the f -metric, respectively. This restriction guarantees the weak equivalence principle as well as the ghost-free condition. The g-matter ψ g and the f -matter ψ f are coupled gravitationally only through the interaction between two metrics g and f . We call ψ g and ψ f twin matter fluids [52] . The ghost-free interaction term between the two metrics, often called the dRGT potential, is given by
3)
4)
where b k are coupling constants, while γ µ ν is defined by
Taking the variation of the action with respect to g µν and f µν , we find two sets of the Einstein equations:
where G µ ν and G µ ν are the Einstein tensors for g µν and f µν , respectively. The matter energy-momentum tensors T
[m]µ ν and T [m]µ ν are given by the variation of matter actions, and the γ-"energy-momentum" tensors T
[γ]µ ν and T
[γ]µ ν are obtained by the variation of the dRGT potential action with respect to g µν and f µν , respectively, taking the form [25, 30] 
The energy-momenta of matter fields are assumed to be conserved individually as ∇ µ are covariant derivatives with respect to g µν and f µν . From the contracted Bianchi identities for (2.6) and (2.7), the conservation of the γ-"energymomenta" is also guaranteed as
The Einstein equations (2.6) and (2.7), together with the continuity equations (2.9) and (2.10), determine the dynamics of the bigravity system given in (2.1). In particular, (2.10) are absent in GR, and in the massive/bigravity theory they give non-trivial constraints on cosmological solutions.
B. Homothetic solution
First we give one simple set of solutions, in which we assume that two metrics are proportional;
where K is a scalar function. This ansatz provides a subset of the complete set of solutions, and from the energy-momentum conservation (2.10), we find that K is a constant. As a result, we find two sets of the Einstein equations with cosmological constants Λ g and Λ f :
12)
where
(2.14)
Since two metrics are proportional, we have the constraints on the cosmological constants and matter fields as
The quartic equation (2.15) fixes the value of K. It gives at most four real roots, each of which gives a different cosmological constant. The basic equations (2.12) (or (2.13)) are just the Einstein equations in GR with a cosmological constant. Hence any solutions in GR with a cosmological constant are always the solutions in the present bigravity theory. We shall call these solutions homothetic solutions because of the proportionality of the two metrics.
III. LINEAR STABILITY ANALYSIS OF A HOMOTHETIC SPACETIME
A. The perturbations around a homothetic solution
The bigravity theory contains both a massless and massive spin-2 fields. This becomes clear when we look at the linear perturbations around a homothetic solution.
The unperturbed solution is assumed to be homothetic, i.e.,f
where bar indicates background quantities. This provides solutions to the unperturbed part of the two Einstein equations (2.12) and (2.13). A constant K is determined by the quartic equation (2.15) , and the matter energymomenta satisfy the unperturbed part of (2.16). We then consider the following perturbations:
2)
where |h
µν as well as h [f ] µν are raised and lowered by the background metric g µν .
We obtain the quadratic action for the perturbations of the metrics as, disregarding the tadpole-like term,
where the massless and massive graviton modes are defined by
µν , (3.6) and κ
f are the effective gravitational constants for the massless and massive graviton modes, respectively. The effective graviton mass in a homothetic background spacetime is defined by
The quadratic Einstein-Hilbert Lagrangian and the FP mass term for a metric perturbation h µν are defined by
In the present paper, we assume the graviton mass is independent of the cosmological constant, although both of them are fixed by giving the coupling constants {b k } (k = 0 . . . 4) and the gravitational constants κ f . We treat the graviton mass and the cosmological constant as free parameters. It is now explicit from (3.4) that the bigravity theory contains one massless and one massive graviton.
B. Massive graviton mode in a curved homothetic background spacetime
At the linear order, the massive graviton mode in the bigravity theory is given by the FP theory on curved background. We note that our background spacetime is dynamical unlike the original FP theory.
The massive mode h
µν does not have a gauge symmetry, since the mass term breaks the diffeomorphism. The gauge symmetry can be explicitly restored by introducing the Stückelberg fields A µ and π as
The perturbation h
µν is invariant under the following gauge transformations:
and
We can interpret H µν , A µ , and π as tensor, vector, and scalar graviton modes, respectively. The Einstein-Hilbert action preserves the diffeomorphism invariance, and therefore neither A µ nor π appears in S EH h [−] µν . On the other hand, the FP mass term is rewritten by using the Stückelberg fields as
. Note that the interaction terms between the tensor and the scalar graviton modes produce the van Dam-Veltman-Zakharov (vDVZ) discontinuity around the flat background [3] . On the other hand, the vDVZ discontinuity does not occur around a curved background in the massless limit [53] . In order to see the absence of the vDVZ discontinuity, we take a canonical normalization for the tensor and vector graviton modes as
and for the scalar graviton mode as
where a positive constantR 0 denotes a typical scale of the background Ricci tensor, i.e.R 0 ∼ O(R µν ). Then the scalar graviton part of the action becomes
Therefore, when the effective graviton mass is negligible compared with the background Ricci curvature (i.e. m 2 eff ≪R 0 ), the interaction between tensor and scalar modes vanishes, and then there is no vDVZ discontinuity.
However the kinetic term of the scalar graviton is modified from the standard one in such a massless limit. Hence the ghost instability or the gradient instability may appear, depending on the background Ricci curvature. For instance, we consider the background spacetime is given by the flat FLRW universe:
The kinetic term is expressed bȳ
where w is the effective equation-of-state parameter of the background universe defined later by (4.7), and H = a/a 2 is the Hubble parameter where a dot is the derivative with respect to the conformal time η. Therefore the Higuchi ghost type instability appears for w < −1/3, while the gradient instability is found for −1/3 < w < 1 [36] . This fact indicates that an instability is unavoidable if the background spacetime consists of an ordinary matter components (w < 1).
It was shown that the gradient instability appears in a more general non-homothetic but homogeneous and isotropic background in bigravity [31] [32] [33] .
The instabilities indicate that the linear approximation is no longer valid in such a background universe. Although the interaction between tensor and scalar modes is suppressed by the small coefficient m eff / R 0 , the interaction between the tensor mode and the scalar mode cannot be ignored because the unstable scalar mode grows exponentially in time. As a result, unless this instability is resolved, the fifth force will be recovered, and then the vDVZ discontinuity will reappear.
Especially when we discuss the early stage of the Universe, in which we hope to recover a standard big bang universe, this instability becomes a serious problem. If the instability and vDVZ discontinuity are not resolved, the bigravity theory cannot realize the realistic homogeneous and isotropic universe without an elaborate finetuned initial condition.
The above argument is only based on the linear theory. The existence of the instability indicates that nonlinear interactions cannot be ignored 1 . This instability is supposed to arise from the scalar graviton mode. Hence, the nonlinear interactions of the scalar graviton mode must be taken into account. If the above linear instability is stabilized and then the small coefficient proportional to the graviton mass term is kept to be small enough, the standard big bang universe can be recovered as a stable solution in the early stage of the Universe. It is similar to the Vainshtein screening mechanism in which the nonlinear effects of the scalar graviton are essential. We shall call our case the cosmological Vainshtein mechanism.
For this reason, we consider the perturbation around the flat FLRW background retaining nonlinearities of the Stückelberg fields. We then discuss whether the Stückelberg fields can be stabilized by nonlinear interactions of the scalar graviton, and whether the fifth force can be screened in the early stage of the Universe.
IV. SCALAR GRAVITON WITH NONLINEAR EFFECTS A. Strategy
To ease the difficulty in analyzing non-linear effects for a generic spacetime, we restrict our analysis to a spherically symmetric configuration of cosmological solutions. Even in a spherically symmetric system, however, it is still difficult to discuss full nonlinear effects without resorting to numerical simulations. Hence, we consider some simplified case. In this subsection, we summarize the strategy for our analysis.
We consider non-linear perturbations on homothetic flat FLRW backgrounds:
This homothetic solution satisfies
1 Some nonlinear interactions by introducing the Stückelberg fields on the curved background are discussed in [54] .
where H =ȧ/a 2 and a dot is the derivative with respect to the conformal time η. We define the effective equationof-state parameter w by
For general non-linear perturbations, it is difficult, if not impossible, to do an analysis even for spherically symmetric system without numerical simulations. Hence we discuss the following approximated model. First we impose spherical symmetry at full order and assume that the g-and f -spacetimes are approximated by the FLRW metric such that
where we introduce two coordinate systems (η g , r g ) and (η f , r f ) to describe the approximated FLRW spacetimes, which are given by different coordinate transformations from the original one coordinate system (η, r) as
The approximated FLRW spacetimes mean that we assume |Φ g |, |Ψ g | ≪ 1 and |Φ f |, |Ψ f | ≪ 1 because the mass interaction term, which is proportional to m 2 eff /R 0 and gives the deviation from GR, is assumed be small. However they do not mean (η g , r g ) ≈ (η, r) and (η f , r f ) ≈ (η, r), in which case the deviation from homothetic spacetimes is small and then can be described by the linear perturbations.
Although the bigravity theory allows one coordinate transformation, two independent coordinate transformations can be possible apparently by introducing the Stückelberg field such that
where (A η , A r ) is the Stückelberg field in the spherically symmetric case. Using a gauge freedom, we can fix one coordinate system.
We also assume that for the unperturbed FLRW spacetimes, K and a are given by Eqs. (4.4), (4.5) and (4.6) although they are not homothetic. This is allowed as we obtain the consistent perturbation equations with this ansatz.
For the following discussions, we consider only a subhorizon scale (aL ≪ H −1 ) and a length smaller than the Compton wave length of the massive graviton (aL ≪ m −1 eff ). This is because our interest is the sub-horizon physics during the epoch H > m eff and such a solution provides us a stable cosmological Vainshtein mechanism. We define a dimensionless parameter as
which satisfies ǫ ≪ 1 for a sub-horizon scale. For a spherically symmetric spacetime, we can divide the behaviour of all variables into two: one is a slowly changing longitudinal mode mainly due to the background expansion and matter distributions, and the other is a fast changing wave-like oscillation mode of a scalar graviton. If the wave amplitude of the oscillation mode is small, when we take an average over the typical scale of the system aL, which is smaller than the horizon scale H −1 , we find only longitudinal-mode variables, which we call adiabatic modes. We then decompose all variables X into adiabatic and oscillation modes as
with
where denotes an average over the typical scale of the system.
The dynamical time scale of the adiabatic mode is assumed to be the Hubble time scale, and then its evolution is caused by the expansion of the Universe and of the density perturbations. On the other hand, the oscillation mode comes from the degree of freedom of the scalar graviton. The time scale of the oscillation mode may be the same order of the inhomogeneity scale. Then each change rate is evaluated as
Since we consider a sub-horizon scale (aL < H −1 ), the dynamical time scale of an oscillation mode is much shorter than the Hubble expansion time, i.e.,
Since the adiabatic mode may be obtained by taking the spatial average over the typical scale of the system, if the oscillation mode is small, we can assume that the dynamics of the adiabatic mode is decoupled from the dynamics of the oscillation mode. This assumption is valid if the small oscillation mode has no instability. Hence we first consider the evolution of the adiabatic modes without the oscillation modes. Then we study the dynamics of the oscillation modes around this adiabatic solution.
B. Adiabatic mode solution
In this subsection we discuss the time evolution of the adiabatic modes for the case without matter perturbations in order to see the behaviour of non-linear Stückelberg field. The full analysis including matter perturbations will be discussed in Sec. V, and the explicit expressions will be summarized in Sec V A.
For the adiabatic modes, we fix the gauge freedom (4.10) by setting 17) and introduce the dimensionless variables ν and µ to parametrize η f and r f as
We assume that the time coordinate η f and the radial coordinate r f point the same directions of η g and r g , respectively, i.e.,
We have assumed the weak inhomogeneous gravitational fields around the FLRW spacetimes, i.e., 20) and 21) which means that the perturbations from homogeneous and isotropic spacetimes are small. Note that this does not imply that the perturbations from the homothetic FLRW spacetime are small because of the existence of the non-linear Stückelberg field, i.e., either ν or µ are not necessarily small. The nonlinearities in the variables ν and µ must be retained. However we assume those variables are not so large such that the perturbations of gravitational fields are still small, i.e.,
The spatial derivative of the adiabatic mode may be evaluated by
which leads with (4.14) to
Since the dynamical time scale of the adiabatic mode variables is given by H −1 , our spherically symmetric solution around the FLRW spacetimes must be restored to the static solution in the limit of H → 0, which is shown in Appendix A (see also [55] ).
In a spherically symmetric static solution, the metric f µν has no non-diagonal component in the coordinates (η, r). Hence the non-diagonal component of f µν is at most of the order of ǫ in the present adiabatic solution around the FLRW spacetimes. The non-diagonal component is given by
where a prime denotes the derivative with respect to r. Becauseν ∼ aHν,μ ∼ aHµ and |Φ f |, |Ψ f | ≪ 1, we find the leading contribution as, assuming K ∼ O(1),
, the Stückelberg variables ν and µ are evaluated as
We expand all basic equations up to the second order of ǫ. The inhomogeneous gravitational fields Φ g , Ψ g , Φ f , Ψ f are determined by the Einstein equations, whose explicit solutions are given by Eqs. 28) where the parameters β 2 and β 3 are defined by
29)
Eq. (4.28) is integrable. An integral constant must be zero because of the regularity condition at r = 0. Hence we obtain two cases: The first parenthesis in the square brackets of (4.28) vanishes or the second one does so. If the second parenthesis vanishes, µ is a constant. However, barring special tuning of model parameters, such a solution cannot reproduce the static result in the limit of H → 0. Hence we conclude that the first parenthesis vanishes, i.e., 
where both C m 2 and C H 2 are quintic functions of µ (The explicit forms are given in Sec. V A). These terms have typical magnitudes given by
The equation (4.32) reproduces the static result (A13) in the limit of H → 0. Since µ is determined by the algebraic equation (4.32), µ has no dynamical degree of freedom. It is not surprising because we have ignored the oscillation mode which corresponds to the dynamical degree of freedom of the scalar graviton. As a result, the Stückelberg fields do not have any dynamical freedom in the adiabatic mode solutions.
From now on, we focus on the period of the Universe with H ≫ m eff , which corresponds to the early stage of the Universe. The algebraic equation (4.32) reduces
This equation has at most four roots, which are given by µ = −1 and
Since the root µ = −1 gives r f = 0 for any r, we do not adopt this solution, and consider only the other three roots µ 0 = 0, µ ± . Since those roots are constants, which depend on the coupling constants and equation-of-state parameter, we can classify the solutions of Eq. (4.32) by those roots, which we call the µ 0 -branches.
When we do not include matter perturbations, neglecting the contributions from the interaction terms (which are much smaller than ǫ 2 for H ≫ m eff ), the metric perturbations are solved as
Then two metrics are given by
where the coordinates (η f , r f ), which correspond to the nonlinear modulations due to the adiabatic Stückelberg fields, deviating from the physical coordinates as
where we have integrated Eq. (4.31) for ν setting µ = µ 0 . The solution µ 0 = 0 corresponds to the homothetic FLRW spacetimes, while we can also find the other approximately homogeneous and isotropic solutions with µ 0 = µ ± in the massless limit, in which the coordinate transformation from (η, r) to (η f , r f ) is nonlinear. The solutions with µ 0 = µ ± are valid up to the second order of ǫ with ǫ ≪ 1 when the interaction terms can be ignored. Thus the solutions with the nonlinear Stückelberg variable µ are not exactly homogeneous and isotropic spacetimes, but approximate homogeneity and isotropy still hold in the sub-horizon scales.
C. Stability conditions of scalar graviton
Next we consider the oscillation modes of perturbations. In the previous subsection, we discussed a spherically symmetric solution based on the adiabatic potential approximation. It does not contain the dynamical degree of freedom of the scalar graviton. In this subsection, we analyze the stability of the solution against the fluctuations of the scalar graviton with the condition H ≫ m eff . The stability for the case with H ≪ m eff is discussed in Appendix A 3.
We consider the following perturbations:
(4.39)
(4.40)
We divide the perturbations into the adiabatic and oscillation modes. When we take an average over the typical scale of the system, the oscillation-mode perturbations do not contribute, and the equations for the adiabatic equations are obtained. We solved them in the previous subsection. When the oscillation-mode perturbations are defined by
the equations that govern their evolution are found by subtraction of the adiabatic modes from the full perturbation equations. Using a gauge freedom of the oscillation-mode perturbations, as in (4.10), we set two coordinates as η g = η + δη(η, r) , r g = r + δr(η, r) , (4.42)
where we have used the previous solutions for the adiabatic mode. While (Φ g , Ψ g , Φ f , Ψ f ) are the adiabatic modes, (φ g , ψ g , φ f , ψ f , δη, δr) are the oscillation modes of perturbations. We assume that all oscillation-mode variables have small amplitudes, i.e., |χ osc | ≪ 1, and the rate of their change in time is roughly |∂ η χ osc | ∼ |∂ r χ osc |. We find that the perturbed metric variables are not dynamical and they vanish in the limit of m eff /H → 0. This is easy to see from the equation of motion as follows: The Einstein curvature tensors contain the terms proportional to H 2 , while the energy-momentum tensors of the interaction term are proportional to m 2 eff . For instance, the (η g , η g )-component of the Einstein equations in the coordinates (η, r) gives
Taking into account other components of the Einstein equations, we see that the energy-momentum tensors of the interaction term are negligible compared to the Einstein tensors when
where ∂ a = (∂ η , ∂ r ). When the conditions (4.45) hold, i.e., for the early stage of the Universe with m eff ≪ H, it is justified that the Einstein equations in bigravity is restored to the GR form. In such a stage, the Einstein equations for g µν give the solution:
This result is convincing because there is no dynamical degree of freedom in a spherically symmetric system without matter perturbations in GR. By the same argument as above, we also find
from the Einstein equations for f µν .
In the limit of m eff /H → 0, we find that two metrics without matter perturbations are given by
We then expand the action in terms of (δη, δr) up to the second order of ǫ. The variations with respect to δη and δr give the constraint equations, which are solved such that the Stückelberg variables δη and δr are given by
in terms of a Stückelberg scalar π. For the analysis of stability, it is sufficient to determine δη and δr up to the first order of ǫ. Substituting (4.50) and (4.51) into the action, we obtain the quadratic action of π as
where Ω is the solid angle. The signs of these coefficients K S and c 2 S determine the stability of the Stückelberg scalar π, which corresponds to the scalar graviton.
For the µ 0 = 0 -branch, the coefficients are given by 54) which is consistent with the result (3.17). On the other hand, for the µ 0 = µ ± -branches, after simplifying the expressions by using (4.35), we find
.
(4.56)
The no-ghost condition is given by K S > 0 while the nogradient instability condition is given by c 2 S > 0. Hence, the stability condition of the scalar graviton is to have
In the µ 0 = 0 -branch, either the ghost instability or the gradient instability appears for w < 1. So the instability is inevitable when the Universe consists of the standard matter, as shown in Sec. III B. Since the instability appears only in the relation between the two coordinate systems, (η g , r g ) and (η f , r f ), two spacetimes still keep homogeneous approximately as long as the condition (4.45) holds. However, since π grows in time due to the instability in this branch, the condition (4.45) eventually breaks down.
On the other hand, the µ 0 = µ ± -branches can avoid the ghost instability as well as the gradient instability depending on the background dynamics and the coupling constants. In Fig. 1 , we show the parameter regions where the solution is stable for the cases of w = −1, w = 0, w = 1/3 ± 10 −5 , w = 2/3 and w = 1 − 10 −5 . Note that in the radiation dominant universe with w = 1/3, the action is given by
which does not describe the dynamics of π 2 . Thus the expansions we have adopted in our calculation is invalidated in this limit, and in order to correctly study the dynamics of the scalar graviton, we must calculate the higher-order terms of π.
For w ≃ 1/3, the existence of the stable solution is guaranteed for the parameter region such that
59)
with |δw| ≪ 1. In such a parameter region, at least one of µ ± satisfies the stability condition (4.57) as well as our ansatz µ ± > −1. For w = 1, µ ± are given by
Hence, one of µ ± becomes zero, which gives the homothetic solution.
Since reducing the stability condition (4.57) to the allowed parameter region for arbitrary values of w is a nontrivial task due to the complicated dependence (4.35) of µ ± on the model parameters, we analyze the stable region numerically. We conclude that the parameter region of
2 If we take into account the trace anomaly of quantum corrections, we find small deviation from w = 1/3. For example,
for a plasma of the SU(Nc) gauge theory with coupling g and N f flavors [56] .
FIG. 1:
The stable regions of the coupling constants for flat FLRW backgrounds for the cases of w = −1, w = 0, w = 1/3±10 −5 , w = 2/3 and w = 1 − 10 −5 . The µ0 = µ+ -branch is stable in the regions denoted by µ+ (red regions), the µ0 = µ− -branch is stable in the regions denoted by µ− (blue regions), and both µ0 = µ± are stable in the regions denoted by µ± (purple regions). The black solid curves correspond to β3 = β guarantees the existence of a stable branch for any values of w except for w = 1/3. Even outside the region (4.62), we obtain stable branches for some values of w, but the instability always appears for near radiation dominant stage such that w = 1/3 − |δw|.
In the stable region (4.62), only one stable branch exists for any w. When the Universe consists of the usual matter field with w < 1, either µ 0 = µ + or µ − gives a stable solution in the parameter region (4.62). While if the Universe is composed effectively of a "strange" matter field with w > 1, we find µ 0 = µ ± -branches are stable only in the region of β 3 > β 2 2 (see Fig. 2 ), and the stable region disappears in the limit of w = ∞ as shown in Fig. 2 . As a result, only the µ 0 = 0 -branch becomes stable.
Although the condition (4.62) depends on the proportional factor K, we can derive the stability condition for the original coupling constants {b i }. Since we assume m reduces to
Therefore, if we choose the coupling constants in the above parameter regions (4.63), both ghost instability and gradient instability are avoided because of the nonlinear interactions, and then the early stage of the Universe described approximately by GR FLRW spacetime becomes stable.
V. PERTURBATIONS WITH MATTER EFFECTS
In this section we consider the adiabatic modes retrieving matter perturbations and discuss the evolution history with the nonlinear effects of the Stückelberg fields. For the stable branch discussed in the previous section, the evolutions of the matter perturbations are approximated by the adiabatic modes. The oscillation modes of matter fluctuations decay in time [30] . Hence we can decouple the adiabatic and oscillation modes in this case as well.
A. Adiabatic mode with matter perturbations
Now we discuss the time evolution of the adiabatic modes with matter perturbations. The matter energy densities are perturbed as
We ignore pressure perturbations and spatial velocities compared to the density perturbations, just for simplicity. All equations are expanded up to the second order in ǫ. The Einstein equations for g µν and f µν give
respectively, whereδ 6) are spatial averages of the density perturbations in the spheres with the radii r and r f , respectively. We define the mass parameters by
with which the effective graviton mass is expressed by m f . Although the f -variables are given as the functions of (η f , r f ), it is easy to find them as the functions of (η, r) by use of the Stückelberg fields ν and µ. The variable ν is determined by (4.31) even when the matter perturbations are included.
Substituting Eqs. 
where we define each function as
Eq. (5.8) reproduces the static result (A13) in the limit of H → 0. An important difference from the case without matter perturbations is that the variable µ depends also on the matter perturbations. When the matter perturbations are not negligible, Eq. (4.32) should be replaced with Eq. (5.8), in which the typical value of the additional third term is evaluated by
The metric perturbations are given by the GR results with the corrections coming from the interaction term, e.g., one of the perturbations of g µν is given by
When the second term is negligible compared to the first one, the metric perturbations are restored to the GR results. Since the equations of motion of twin matters are not modified from usual ones (e.g., see Eq. (2.9)), the restoration of the metric perturbations guarantees the dynamics of the matter is also restored to the GR result. Therefore we will discuss only the metric perturbations which are determined by µ as in Eqs. (5.2)-(5.5).
B. GR phase
We discuss a stage when the Hubble parameter is larger than the effective graviton mass (i.e.,
Since the second term is much smaller than the first term, Eq. (5.13) is schematically solved as 14) where |δ g |, |δ f | ≪ 1. As discussed in Sec. IV, the stable branch is found with µ 0 = µ ± for w < 1, or with µ 0 = 0 for w > 1.
First, we consider the case of w < 1. The stable branch is given by one of µ ± , and thus (5.13) is also solved as µ ≈ µ ± . The gravitational sector is restored to the one in GR, when .15) i.e., if the correction terms from the graviton mass are negligible compared to the GR terms in Eqs. (5.2)-(5.5).
As a result, in the early stage of the Universe, the metric perturbations are restored to the GR results. Next, we consider the case of w > 1, in which the stable branch is given by µ 0 = 0. In this case, the solution is given by, assuming |µ| ≪ 1,
where we have used the background equations. One of the metric perturbations is described as
Since the second term is negligible compared to the first term in the case of H ≫ m eff , the metric perturbations are again restored to the GR results for w > 1. Hence both cases show the GR limit in the early stage of the Universe (H ≫ m eff ). We shall call this stage the GR phase.
C. Bigravity phase
Secondly, we discuss the stage when the Hubble parameter is smaller than the effective graviton mass (i.e., H 2 ≪ m 2 eff ). In this stage, we find C m 2 ≫ C H 2 . Hence, for the matter of our interest, Eq. (5.8) reduces to
We denote the roots of C m 2 (µ) = 0 by µ ∞ , which are found to be zero and some constants of order unity. Similarly to the previous subsection, Eq. (5.18) is solved as Hence the gravitational force in the g-sector is produced by the f -matter as well as the g-matter.
We have done a detailed study including stability about this linear branch in our previous paper [30] . The nonlinear branches are obtained by choosing µ ∞ ∼ O(1). In this case, since |µ ∞ | ≫ |δ g |, |δ f |, the solutions are found to be
giving the same as those without matter perturbations. For these nonlinear branches, the metric perturbations include the correction terms of the graviton masses as given in Eqs. (5.2)-(5.5). Hence, for these branches, there is a non-negligible inhomogeneity at large scale and the gravitational behaviour deviate largely from GR's one beyond the Vainshtein radius as shown in Appendix A 3. We shall study the stability around the nonlinear branches as well as the linear branch in the bigravity phase (m 2 eff ≫ H 2 ). In the limit H → 0 or H 2 → Λ g /3, we find the adiabatic solutions turn to be the static ones given in Appendix A. In the sub-horizon scale, the cosmological coordinates (η, r) are related to the static coordinate (T, R) as
where t = adη is the cosmic time. On the cosmological coordinate (η, r), the Stückelberg variable µ is defined by
while on the static coordinate (T, R),μ is defined bŷ
for Eq. (5.23), we find Eq. (5.8) corresponds to Eq. (A13) even in the limit H 2 → Λ g /3. Therefore, as a lowest-order approximation, we regard the adiabatic solutions as the static ones and we can apply the stability analysis in Appendix A 3 to the present case. We note that the asymptotically homothetic branch of Eq. (A13) corresponds to the linear branch in the bigravity phase, while non-asymptotically homothetic branches correspond to nonlinear branches in the bigravity phase. It turns out that the linear branch is always stable. Furthermore, we find that one of the nonlinear branch is stable for some coupling constants.
These arguments are essentially unchanged even when a cosmological constant with the condition of Λ g < ∼ 3m
2 eff /2 is introduced. We give the results with such a cosmological constant for the gravitational behaviour and the Vainshtein screening in Appendix A 2, and those for the stability in Appendix A 3.
Since the gravitational behaviours are modified from the ones in GR due to the existence of the fifth force, mediated by the scalar mode of graviton, for both branches, we call this stage the bigravity phase.
VI. TRANSITION FROM GR TO BIGRAVITY
As we have shown in the previous section, the Universe in the bigravity theory has some stable branches in the both limits of H ≫ m eff and of H ≪ m eff , which correspond to the early and late stages of the Universe, respectively. More precisely, in the early stage of the Universe (H ≫ m eff ), the µ 0 = 0 -branch is unstable, while µ 0 = µ ± -branches can give the stable GR phase depending on the coupling constants. On the other hand, in the late stage of the Universe (H ≪ m eff ), the branch with |µ| ≪ 1, which provide us the bigravity phase, is stable for appropriate coupling constants. In addition, some branches with µ ∞ ∼ O(1) (the bigravity phase) are also stable for some coupling constants.
The question is whether any two stable branches with different limits can connect under our adiabatic approximation or not. We shall discuss this possibility in this section.
Since our Universe is homogeneous at large scale, the Stückelberg variables should reach to the linear bigravity phase as the Universe expands. Hence our Universe must start from the GR phase and transit to the bigravity phase. Then the Universe must pass through the period of H ∼ m eff , where the behaviour of µ becomes unclear.
One unknown in this period is the transition time scale, if transition occurs. If the transition time scale is given by the Hubble time scale and the adiabatic mode is an attractor even in the period of H ∼ m eff , we can discuss the transition by considering only the adiabatic modes. However, if two stable adiabatic solutions in GR and in bigravity phases are discontinuous, the adiabatic approximation breaks down, and then the transition time scale may be faster than H −1 even if such a transition is possible. As a result, the assumption (4.24) is no longer valid, and a full analysis without approximation will be required.
Here, we only speculate some possible transitions based on the adiabatic approximation with the assumption (4.24). When the amplitudes of the density perturbations are given, one can obtain the Stückelberg modulation µ in terms of H andδ g/f by solving the algebraic equation (5.8) together with the use of (4.3) and (4.6). Since H decreases in time, we find the evolution of µ without solving the equations of motion, under the assumption that the solutions to (5.8) at different moments are continuously connected. Here we also assume that the density perturbations are constant in time; although they may evolve in time, the qualitative behaviour does not change much.
We show several examples in Figs. 3 and 4 . We have explored a wide range of the parameters with the stability condition (4.62). The stability analysis for the late stage of the Universe (m eff /H ≫ 1) is given in Appendix A 3.
As shown in Figs. 3 and 4 , two stable branches in the limits of m eff /H ≪ 1 and of m eff /H ≫ 1 can be continuous or discontinuous depending on the equation-ofstate parameter w and the density perturbations. For example, as shown in Fig. 3 (II) , for w = 2/3, we find one continuous curve from the early stage to the late stage of the Universe, exhibiting the branch that is stable in both limits of m eff /H ≪ 1 and of m eff /H ≫ 1, ifδ g (= 10
−2 ) >δ f (= 10 −3 ). On the other hand, if δ g (= 10 −3 ) <δ f (= 10 −2 ), two (one stable and another unstable) continuous curves are splitted into two discontinuous curves as found in Fig. 3 (II) . There are points at which two real roots of Eq. (5.8) degenerate and beyond which they become imaginary. At such points, the time derivative of µ (dµ/dH −1 ) diverges, but µ itself is finite. At such a singular point, we argue that the energy density of the scalar graviton diverges. This is because the variable µ is basically related to the adiabatic mode of the scalar graviton π 0 as µ = a −2 π ′ 0 /r. Similarly to the Vainshtein screening mechanism, the derivative of rµ (∼ ∂∂π 0 ) gives a typical energy density of the scalar graviton. So when ∂µ → ±∞ (or ∂∂π → ∞), a singular behaviour of the scalar graviton may appear.
However, near such a singular point, our assumption (4.24) is no longer valid. This singular behaviour may simply be an artifact of our adiabatic assumption, and if we analyze the full nonlinear dynamics without the adiabatic approximation, this singularity may not appear. Hence, when we find a discontinuity in the solution µ(H), what happens in the transition period is still an open problem. In what follows, we just discuss the adiabatic In the late stage (m eff /H ≫ 1), the branches with µ0 ≃ 0 and 0.70 are stable. The Universe may evolve from the stable µ0 -branch to the stable µ∞ -branch. For example, for w = 0, µ changes from µ0 = 0.4 (GR phase) to µ∞ = 0.7 (nonlinear bigravity phase), while for w = 2/3, it does from µ0 = −0.1 (GR phase) to µ∞ = 0 (linear bigravity phase).
solutions given by the continuous curves.
We classify our results into two cases by whether the stable nonlinear branch in the late stage of the Universe exists (Case A) or not (Case B). Some examples of Case A are given in Fig. 3 , while those of Case B are in Fig. 4 . We shall discuss them in due order.
(1) Case A: For w < 1/3 ( Fig. 3 (I) ), there exists a stable µ 0 -branch in the early stage of the Universe (H ≫ m eff ), and nonlinear stable µ ∞ -branch in the late stage (H ≪ m eff ). Hence we expect that the Universe will evolve from GR phase to non-linear bigravity phase. The GR phase in the early stage transits to the inhomogeneous universe in the late stage.
Our present stability analysis, however, is valid only for both limits of H ≫ m eff and of H ≪ m eff . There- fore, it is not immediate to decide whether our adiabatic solution is still stable at H ∼ m eff . If the adiabatic solution becomes unstable near the period of H ∼ m eff , the adiabatic mode does not evolve independently of the oscillation mode. Then the transition time scale becomes faster than H −1 . As a result, the GR phase in the early stage might connect to the linear bigravity phase in the late stage.
On the other hand, in the case of w > 1/3, only for the case ofδ g >δ f , there exists only one stable branch from µ 0 to µ ∞ . It may describe that the GR phase in the early stage of the Universe transits to the linear bigravity phase in the late stage. Ifδ g <δ f , two stable branches are disconnected. The assumption (4.24) may no longer be valid at the singular points.
(2) Case B: For the case of w > 1/3, we find similar behaviours to Case A. There exists one stable branch from the GR phase in the early stage of the Universe transits to the linear bigravity phase in the late stage, ifδ g >δ f . If δ g <δ f , however, two stable branches are disconnected.
For w < 1/3, the stable GR branch evolves into a singularity. No other stable branch exists. Since the assumption (4.24) may no longer be valid, the transition from the GR phase to the linear bigravity phase might be possible, if the stable µ ∞ = 0 -branch is a global attractor.
From the above analysis, we conclude that for w > 1/3, there exists a stable adiabatic solution, which describes that the Universe evolves from a GR phase in the early stage to a linear bigravity phase in the late stage. For more realistic equation-of-state parameter w < 1/3, however, if the transition from the GR phase to the linear bigravity phase occurs, the transition time scale is likely to be faster than H −1 and then the adiabatic condition must no longer be valid 3 . In order to conclusively analyze the full evolution history of the Universe for natural equation-of-state parameter w, the analysis beyond the adiabatic approximation is required, and a numerical treatment should be expected, which is the work in progress.
VII. CONCLUDING REMARKS
Since the homogeneous and isotropic universe is consistent with cosmological observations, the existence of exponential instability around the FLRW spacetime would ruin the viability of such cosmological solutions, unless the initial condition is fine-tuned. It has been known that in the bigravity theory, while the FLRW background solutions are stable against small perturbations at the late stage of the Universe (H ≪ m eff ), the linear perturbations suffer either a ghost or a gradient instability during the early epoch (H ≫ m eff ). However, the unstable mode arises from the Stückelberg fields which determine the relations between the two coordinates of the physical and fiducial sectors in the bigravity. The instability implies that the nonlinear interactions of the Stückelberg fields may be significant. However, the nonlinearities of the Stückelberg fields do not directly conclude that the spacetime perturbations around the homogeneous and isotropic spacetime are large. For this reason, we study small metric perturbations around the flat FLRW background retaining nonlinearities of the Stückelberg fields and discuss whether or not the viable cosmological solution exists even in H ≫ m eff .
In order to comfort the difficulty in the full nonlinear analysis, we consider the following simplifications:
1. We assume both background spacetimes are almost isotropic and homogeneous. This background is regarded as a ground state of the massive graviton.
2. Since the scalar graviton mode is essential to the Higuchi ghost and the gradient instability, we restrict our analysis to spherically symmetric configurations, in which the degrees of freedom of the tensor and the vector gravitons do not exist, while the scalar graviton propagates.
3. We decompose the perturbation variables into adiabatic modes and oscillation modes, and assume that the adiabatic modes evolve independently of the oscillation modes. The later assumption is valid only if the oscillation modes are stable.
4. We only consider the sub-horizon scale and assume that the adiabatic modes satisfy the condition (4.24) . Under these assumptions, we find that the result in the adiabatic modes reproduce the static result (A13) in the limit H → 0.
Then, we show that the Higuchi type ghost instability and the gradient instability can be removed by the nonlinear effects of the scalar graviton. In the early stage of the Universe (H ≫ m eff ), we find a few sets of cosmological solutions (4.37), in which there are two types; one is given by the homothetic spacetimes, and other branches are given by the approximately homogeneous and isotropic spacetimes on the different coordinates. In the former homothetic solutions, the instability cannot be avoided when the Universe consists of ordinary matter components. On the other hand, the solutions in the other branches can avoid both instabilities if the coupling constants satisfy the simple inequalities (4.63). For any values of the equation of state, there exists at least one stable branch, in which the Universe evolves in the same way as in GR. The result suggests that the bigravity has the healthy massless limit, and cosmology based on the bigravity is still viable even in the early stage of the Universe.
Hence we conjecture the following cosmic scenario: First, the cosmic growth history is restored to the GR result in the early stage (H ≫ m eff ), in which the Stückelberg fields are non-linear. After a transition around H ∼ m eff , the Universe reaches the bigravity phase, in which the modification from GR appears. In the bigravity phase, the µ ∞ = 0 -branch is stable. There is also another stable branch for some combinations of the coupling constants, showing somewhat peculiar gravitational behaviours.
The transition from the GR phase to the bigravity phase is, however, still an open problem. One important key point is the transition time scale. As discussed in Sec. VI, if the GR phase connects to the linear (µ ∞ = 0) bigravity phase with natural equation-of-state parameter (w < 1/3), the transition time scale should be faster than H −1 . To analyze this transition phase, a numerical treatment should be required.
As we have shown, the GR cosmology is recovered in the early stage of the Universe, which we call the cosmological Vainshtein mechanism. Since this is different from the Vainshtein screening mechanism discussed in some scalar-tensor type gravity theories such as the Galileon model, here we show how they are different.
In the present bigravity model, when we take a decoupling limit, we find the effective action of a scalar field φ, which corresponds to the massive scalar graviton, as
where c NL ,c NL are some dimensionless constants, and Λ is a typical scale for a strong coupling state. We have dropped higher interaction terms. In the conventional Vainshtein screening, the first two terms play the essential roles. When the energy scale of the scalar field is larger than the string coupling scale Λ below the Vainshtein radius, the degree of freedom of the scalar field is killed by the second non-linear term L
NL , and then GR is recovered. On the other hand, in the present cosmological Vainshtein screening, the third and fourth terms play important roles. We find the GR solution in the early stage of the Universe as follows: Comparing the first and third terms, when the typical scale of the curvature is larger than the graviton mass, we find the GR universe as a consequence. However, to stabilize this GR universe, we have to take into account the fourth non-linear term L (φ) NLµνρσ as well. Hence in the cosmological Vainshtein screening, the curvature terms are essential, which is different from the conventional Vainshtein mechanism.
Our Vainshtein mechanism is in some respects similar to the ghost condensate [57] . In the ghost condensate, even if a scalar field has a ghost instability at linear level, non-zero time derivatives of the background expectation value can stabilize the fluctuation of the scalar field. Indeed, in our system, assuming that the scalar graviton φ can be decomposed into the adiabatic mode π 0 and the oscillation mode π as φ = π 0 + π, the non-zero π 0 stabilizes the fluctuation π.
However there are some differences between the ghost condensate and the stabilization in the bigravity. First, we note that the non-zero π 0 can stabilize not only the ghost instability but also the gradient instability in the bigravity. Furthermore, the scalar graviton is stabilized by the higher order non-linear effects of the spatial derivative of π 0 as distinct from the time derivative in the ghost condensate. This is because µ 0 is related to π 0 as µ 0 = a −2 ∂ r π 0 /r, and the higher-order terms of µ 0 are essential to the stabilization. Although the scalar graviton has inhomogeneity, the spacetime is still almost homogeneous due to the existence of the screening mechanism.
In order to check complete viability of the cosmological model in the bigravity, we must consider beyond spherically symmetric perturbations as well as beyond our simple ansatz on the background. The kinetic term (3.17) indicates that the ghost or the gradient instability may also exist even for non-spherical small perturbations around the FLRW background. Thus extended studies are required.
The stabilities of the vector graviton and the tensor graviton are also non-trivial questions. The gravitational field equations are restored to the Einstein equations in GR when H ≫ m eff . Hence, the tensor mode should be reduced to the GR one, and then we expect that no instability may appear, just as in GR. We also expect no exponential instability in the vector graviton, because the kinetic term for the vector graviton is not modified even for a curved background at linear level as shown in the equation (3.14) . The complete stability analysis, however, should be done to confirm our speculation, which we leave for future work.
from which the typical value ofμ is the order of unity. The mass term is negligible compared to the matter term in However it is not clearly seen whether we can connect the two limiting cases, i.e., the low-dense bigravity region with |μ| ≪ 1 and the high-dense GR region with |μ| ∼ O(1). For the screening, we must find a regular solution connecting both regions. For simplicity, we assume that the matter fields are localized in finite regions and only consider the outside of the matter distributions. The spatial averages of the matter densities within the radius R and R f are give byρ
where the masses are defined by
respectively. Here R 0 and R f,0 are the surface radii of matter distributions. From Eqs. (A17) and (A20), the Vainshtein radius, beyond which non-linearity ofμ becomes important, is estimated as
We find that the Vainshtein radius depends on the cosmological constant as well as the f -matter field. Outside this radius, the smallness condition forμ is valid. Before introducing the f -matter, we summarize the case without the f -matter as discussed in [55] . Since we find the similar results in the case with a small mass object of the f -matter, we explain the Vainshtein screening by our result. f , Λg = 0, and K 2 GM f /GMg = 10 −3 (red solid curve), K 2 GM f /GMg = 10 −1 (blue dashed curve) and K 2 GM f /GMg = 10 (green dotted curve). Except for K 2 GM f /GMg = 10 −3 , the asymptotically homothetic branches do not extend below the Vainshtein radius. The right figure shows the existence of the Vainshtein screening for K 2 GM f /GMg = 10 −3 , i.e., GR is recovered for R < RV , where we defineΦ
In Fig. 5 , we present our results in the case of K 2 GM f = 10 −3 GM g . The red curves in the figure show the value ofμ (left) and the ratio of the gravitational force to the one in GR (right). From these figures, we find that GR is recovered within the Vainshtein radius R V , but the bigravity phase appears in the region of R > R V . This is just the Vainshtein screening. The sufficiently small amount of the f -matter does not spoil the Vainshtein mechanism.
We then discuss whether there exists a regular solution which shows the Vainshtein screening if we have a large amount of the f -matter and/or a cosmological constant.
First, we consider asymptotically homothetic solutions without a cosmological constant. As shown in Fig. 5 , if the amount of the f -matter field gets large, theμ-curve cannot reach below the Vainshtein radius. The derivative ofμ with respect to R diverges around the Vainshtein radius, and then the assumption (A7) is broken there. This hints a sharp transition from the linear to nonlinear regimes, and we must not neglect the gradient terms ofμ such as Rμ ′Φ g even if the metric perturbations (|Φ g |, |Ψ g |, |Φ f |, and |Ψ f |) themselves are small.
There exists another solution which does not approach a homothetic solution as R/R V ≫ 1 below the Compton wavelength of the massive graviton. We call it a non-homothetic branch. As shown in Fig. 6 , for K 2 GM f /GM g = 10, we find a regular solution which approaches a stable non-homothetic branch for R ≫ R V (see Appendix A 3 for the stability analysis). In this branch, GR is recovered inside the Vainshtein radius, but the outside is quite different. The metric perturbations scale as |Ψ g |, |Φ g | ∝ m eff , we find the spacetime would approach an anti-de Sitter spacetime beyond the Compton wavelength of the massive graviton by solving the static spacetime without the ansatzes (A5) and (A6) [59] . For a smaller amount of the f -matter, however, there is no such a regular solution.
Finally, we consider solutions with a cosmological constant. The behaviour ofμ is similar to the asymptotically flat case when 3m 2 eff − 2Λ g 0. However, if 3m 2 eff −2Λ g 0, the behaviour ofμ changes qualitatively. As shown in Fig. 7 , when the amount of the g-matter is larger than that of the f -matter, the derivativeμ diverges around the Vainshtein radius, indicating a sharp transition and the breakdown of our assumption of small gradients. On the other hand, we can obtain regular solutions when the amount of the f -matter is larger than that of the g-matter. Note that while theμ ∞ = 0 -branch is unstable, the asymptoticallyμ ∞ = 0.280 -branch is stable (see Appendix A 3 for the stability analysis). For the stable branch, although GR is recovered within the Vainshtein radius, the outside is a stable non-homothetic spacetime. As discussed in Sec. V, the gravitational behaviour is almost the same as in GR when the cosmological constant is much larger than the graviton mass.
Stability of a spherically-symmetric static spacetime
We now turn to analyzing the stability of the spherically-symmetric static solution obtained in the previous subsection in the region R ≫ R V , in which the static solution is also obtained from the cosmological solution (4.32) in the limit H → 0 or H → Λ g /3. The matter effects can be ignored in R ≫ R V . The perturbed which reproduces Higuchi bound. We also note that for m 2 g , m 2 f ≪ Λ g , the above expressions reproduce the results discussed in Sec. IV C with w = −1 by using (4.35) and the coordinate transformation.
For other branches of solutions forμ, since the coefficients are complicated (whereμ ∞ is zero or the roots of the sixth-order algebraic equation C m 2 + C Λ = 0), we cannot obtain the explicit expressions for no-instability conditions in terms of β 2 , β 3 , m g , m f , and Λ g . Hence, we check numerically whether the solutions in the nonlinear branches are stable or not for some instructive sets of coupling constants. 
